We analyse the correlation and spectral properties of two-photon states resonantly transmitted by a non-linear optical microcavity. We trace the correlation properties of transmitted two-photon states to the decay spectrum of multi-photon resonances in the non-linear microcavity.
Generation and controlled propagation of two-photon states in optical circuits represent a new challenge in quantum optics -the next step from the earlier-developed single-photon sources. Photon pairs have been successfully produced using semiconductor quantum dots [1] [2] [3] [4] [5] and by coupling superconducting qubits to high-quality microwave resonators [6] [7] [8] [9] [10] [11] [12] . However, the controlled propagation of correlated photon pairs across optical circuits remains an unexplored territory.
Here, we propose a theory describing the transmission of two-photon states in optical circuits where junctions are non-linear optical or microwave resonators [13] [14] [15] [16] . In such systems, the interaction between photons inside the cavity both shifts the conditions for their resonant transmission and leads to four-wave-mixing -a redistribution of photon energies in the transmitted pair. We show that the four-wave-mixing by the non-linear cavity results in spectral correlations of the transmitted two-photon states, prescribed by the decay of multi-photon resonances in a non-linear cavity, and we analyse quantum statistics of few-photon states emitted by a non-linear resonator under the action of a weak classical pump.
The key element of the optical circuits discussed in this paper is sketched in Fig. 1 . It consists of a nonlinear microcavity, with resonance frequency ω c and decay broadening γ = (γ L + γ R )/2 = ω c /Q (Q stands for the quality factor) determined by couplings γ L(R) to the left(right) waveguides. The interaction of two incoming photons of frequency ω 0 inside the cavity generates two outgoing photons with frequencies ω and ω = 2ω 0 −ω (ω, ω ≈ ω 0 ). As a function of the frequency of an outgoing photon ω, the characteristic spectral density of the transmitted photons is illustrated by the colour-scale plot in Fig. 1 . The spectral density shows distinctive maxima at ω c and 2ω 0 − ω c . These statements also apply to a nearly monochromatic pair in a two-photon pulse with a temporal extent of τ γ −1 . Figure 1 also shows that the four-wave mixing is most efficient either when the incoming photons' frequency resonates with the empty cavity mode, or when the total energy 2 ω 0 of the incoming pair coincides with the energy of the interacting photon pair inside the cavity 2 (ω c + u), where 2 u is the interaction energy. Here, we show that spectral properties of the transmitted photon pair are similar over a broad range of cavity and incoming pulse parameters. The spectral density in Fig. 1 illustrates spectral properties of the res- onant four-wave-mixing, where, as we show below, the two-photon spectral function can be factorised into an ω 0 -dependent probability to create a two-photon state in the cavity and the spectral density of the following decay of such a state due to the photon escape into the waveguides.
The evolution of photons transmitted by the non-linear resonator sketched in Fig. 1 
where α/α † is the annihilation/creation operator of the resonant cavity mode with energy ω c (here, fundamental constants are set to c = 1 and = 1). The non-linear term, H u , in Eq. (1) with coupling constant u, leads to photon-photon interaction, shifting the two-photon state energy by 2u. This non-linearity is generic for inversion-symmetric media; in particular, it can be the result of the repulsion between exciton-polaritons in a microcavity with a large Rabi frequency [13] [14] [15] [16] . The resonant cavity mode is coupled to the photons in the left (L) and right (R) semi-infinite waveguides, described by annihilation operators in the real-space representation,
and s is the length of the waveguide), and β L(R) (x) are defined to describe incoming photons for x < 0 and outgoing photon for x > 0 (irrespective of the side of the resonator). The transformation of propagating waves into the cavity mode (and their reflection from the cavity) takes place at x = 0. The solution for the two-photon transmission/reflection problem is obtained by studying the evolution of the two-photon states |ψ(t) , governed by the Schrödinger equation, i∂ t |ψ(t) = H|ψ(t) . We match the initial state to the incident photon pair in the left waveguide,
where the two-photon pulse envelope f (x 1 , x 2 , t) has a temporal extent τ and is modelled using the scenarios listed in Table I . The projection of the transmitted/reflected photon pairs onto the outgoing states in the left/right leads (i =L/R) is described using
where, for a monochromatic photon pair (τ → ∞), the amplitudes a LL (a RR ) of obtaining two photons in the left(right) waveguide and a LR of finding one photon in each waveguide take the form (see Appendix A):
Here, c i is a single-photon reflection (L) and transmission (R) amplitude in the circuit with a resonant cavity. The first term in Eq. (4) accounts for independent scattering of photons. The second term describes the correlated two-photon states formed due to the photon-photon interaction inside the cavity. Spectral properties of the amplitudes a ij , calculated for various finite pulse widths, are illustrated in Fig. 2 , where we show that the two-photon transmission by the non-linear cavity is strongly affected by the photon-photon interaction, but does not depend much on the detailed spectral shape of the two-photon pulse. The examples in Fig. 2(a,b) demonstrate that the interaction of two photons inside the cavity produces their anti-bunching for ω 0 = ω c , but also generates an additional transmission peak at ω 0 = ω c + u corresponding to the formation of resonant two-photon states inside the cavity. Note that in the limit u → ∞, the model in Eq. (1) corresponds to the photon blockade regime studied in Ref. [17] for an optical junction consisting of a two-level system, and, in this limit, Eq. (4) reproduces the photon anti-bunching predicted in Ref. [17] . 
To characterise the spectral properties of the photon pair transmitted/reflected by the non-linear cavity into a waveguide i from a pulse arriving over a temporal interval τ (see Table I ) in waveguide j, we consider the spectral density of photons detected at a distant position x 0 → ∞ in waveguide i, [19] 
We find that the latter can be written in the form
where the first term describes the photon-photon correlations introduced by the interaction between two photons simultaneously appearing inside the cavity, whereas Figure 2 : Transmission, |aLL| 2 , reflection, |aRR| 2 , and transmission-reflection, |aLR| 2 amplitudes of two-photon states in various parametric regimes. (a) Non-linear cavity with τ γ = 7 (γL = γR = γ) and u = 4γ. Frequency dependence of two-photon amplitudes |aij| 2 at x1 = x2 for (i) a monochromatic incident wave, (ii) uncorrelated initial pair of photons, and (iii) a correlated Gaussian initial state (see Table I the second term takes into account elastic (uncorrelated) single-photon transfer. In Eq. (5), the factor
is the probability to form the correlated two-photon state inside the cavity, whereas the factor
describes the spectral density of the photons emitted to the left/right waveguide. Finally, single-photon transfer is described by
The weak dependence of the correlation properties of scattered photons on the correlation properties of the initial state seen in Fig. 2 indicates that the result in Eq. (5) is applicable to describe correlated photon pairs produced by incident two-photon states with different correlation properties, provided that τ γ 1. Moreover, the two-photon spectral correlations, described by Eq. (5), emerge even in the case of initial state with different quantum statistics. To demonstrate this, we studied the emission spectrum by a non-linear resonator excited by a coherent state |in = e −|b| 2 /2 e bβ † ω 0 |0 incident from one of the waveguides, e.g, j = L. Here, |b| characterizes the amplitude in|β|in of the incoming field pulse. In this analysis, we exploit the possibility to relate the spectral function S R L to the correlation function of the cavity resonance mode, as established in Ref. [18] ,
where the operators α, α † are used in the interaction representation, and ρ is the reduced density matrix obtained from the full density matrix describing the system by tracing out the degrees of freedom associated with the quantum waveguide modes. The time dependence of the reduced density matrix ρ obeys the Lindblad equation:
where U (t , t) is the evolution super operator of the reduced density matrix. When U (t, t ) is found using perturbation theory (see Appendix B) for a weak nonlinearity, u γ, this results in the spectral density described by Eq. (5) (7) for a strong non-linearity but weak pumping ( α † α 1) is shown in Fig. 3 . It indicates that in the case of weak coherent pumping the spectrum of emitted photons is determined by two-photon correlations since its density coincides with that described by Eq. (5).
In addition, we analyse the conditions for the generation of correlated few-photon states with two, three and four photons for a non-linear cavity excited by a classical field. The appearence of such states is quantified using the correlation function
where β-operators are taken at coinciding time. By generalising the analysis in Ref. [18] , this can be expressed in terms of the photon operators inside the cavity,
which can be determined from Eq. (7). The results of numerical simulations for n = 2, 3, 4 are shown in Fig. 3 b. Here, the second-order correlation function shows antibunching (g (2) < 1) for red-detuned pumping frequencies and bunching (g (2) > 1) for a blue-shifted frequencies, in agreement with [15] . Also, the functions g (n) peak at pumping frequencies close to ω 0 = ω c + (n − 1)u, which correspond to the resonance conditions for a simultaneous excitation of n photons inside the non-linear cavity.
To summarise, we show that two-photon states resonantly transmitted by a non-linear optical microcavity display spectral correlations, which are almost independent of the correlation properties of the incoming photon pair and can be traced to the decay spectrum of multiphoton resonances in the cavity.
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Appendix A: Propagation of two-photon states:
Scattering approach
A generic two-photon state |ψ(t) , whose evolution obeys i ∂ ∂t |ψ(t) = H|ψ(t) , can be written as
Here, |0 is the vacuum state, ψ ij are the wave functions describing photons in the left (right) waveguide (i, j = L(R)), or in the cavity (i, j = C). This leads to the following system of simultaneous equations:
For the incident state
where a LL , a RR and a LR are the amplitudes describing two reflected photons, two transmitted photons and one reflected and one transmitted photons respectively. In the case of monochromatic incident wave (τ γ 1) (i), they are given by:
Appendix B: Classical pumping, weak interaction limit
In the case of weak non-linearity α † α u γ, Eq. (7) can be solved analytically by expanding the density matrix over a coherent basis |a so that ρ = P (a)|a a|d( {a})d( {a}) (P -representation) [18] and converting into a Fokker-Planck equation with the help of the operator equivalence relations: αρ → aP (a), α † ρ → (a * − ∂ a ) P (a), ρα → (a − ∂ a * ) P (a), ρα † → a * P (a). Switching to the rotating frame (a → ae −iω0t ), we find: is equivalent to the Langevin equation [18] :
where ζ i (t) is delta-correlated random noise terms so that ζ i (t)ζ j (t ) = D ij δ(t − t ). For small fluctuations, we can expand a around the ensemble average a , which satisfies the steady-state equation | a | 2 [γ 2 +(ω 0 −ω c −2u| a | 2 ) 2 ] = |f | 2 . We introduce new real variables, r and θ, so that a = a (1 + r − iθ) and rewrite Eq. (B2) for X = r θ as:
where 
which for the spectral function S R L (ω) (Eq. (6)) yields
where F (ω 0 ) andF (ω) are given below Eq. (5).
